Let G be a finite solvable group and w; c A IrrðGÞ be complex characters of G. Let a be an irreducible constituent of the product wc. We show that the derived length of KerðaÞ=KerðwcÞ is bounded by a linear function on the number of distinct irreducible constituents of wc.
Introduction
Let G be a finite group and let w; c be irreducible complex characters of G, i.e. irreducible characters over the complex numbers. Since a product of characters is a character, wc is a character and its decomposition into distinct irreducible constituents a 1 ; a 2 ; . . . ; a n has the form wc ¼ X n i¼1 a i a i where n > 0 and a i > 0 is the multiplicity of a i for i ¼ 1; . . . ; n. Let hðwcÞ ¼ n be the number of distinct irreducible constituents of wc and denote by KerðwcÞ the kernel of the character wc. Also denote by dlðHÞ the derived length of a finite solvable group H. For w A IrrðGÞ, let w be the complex conjugate of w, so that wðgÞ ¼ wðgÞ for all g A G.
In [1, Theorem A] , it is proved that there exist universal constants C 0 ; D 0 such that for any finite solvable group G and any w A IrrðGÞ we have dlðG=KerðwÞÞ c C 0 hðwwÞ þ D 0 :
The following generalizes that result and is the main result of this paper.
Let C ¼ C N ðL=MÞ. Note that L J C and thus U p C and y C A IrrðCÞ. It follows that jC : C j j ¼ p and C ¼ LC j . Since L centralizes C=M, we see that C j t C and C=C j is abelian. Then MC 0 J C j and so y MC 0 is reducible. Since MC 0 t G, it follows that MC 0 ¼ M. Thus C 0 J M, as desired. We introduce some more notation. If N=M is a normal section of G and D is a character of G, write S D ðN=MÞ to denote the (possibly empty) set of those irreducible constituents a of D such that M J KerðaÞ and N U KerðaÞ. Lemma 2.6. Let ðN; M; yÞ be an extreme triple of G, where N=M is solvable. Assume that yy is a (not necessarily irreducible) constituent of D N , for some character D of G. Then S D ðN=MÞ is non-empty, and N=M has derived length at most 1 þ f ðjS D ðN=MÞjÞ, where f is the function in Definition 2.3.
Proof. Since N=M is solvable and non-trivial, we can choose L t G with M H L J N such that L=M is a chief factor of G. Also, as in the previous lemma, there exists a subgroup U containing M and of prime index p in L such that y U is a sum of p distinct irreducible constituents. Thus y vanishes on LnU. Since y L is Ninvariant, y vanishes on LnD, where D is the intersection of the N-conjugates of U. Since M J D H L and D p N, we can choose a chief factor L=K of N such that D J K, and thus y vanishes on LnK.
Write j ¼ y L A IrrðLÞ and let l be a non-principal linear character of L=K. Then jl ¼ j, and this l is a constituent of jj, which in turn is a constituent of D L . It follows that l is a constituent of a L , where a is an irreducible constituent of D. In particular, we see that a A S D ðN=MÞ, which is therefore non-empty.
Set H ¼ N G ðKÞ. Observe that H K N. All members of the H-orbit of l are linear constituents of a L having kernels containing K. Conversely, we show that if n is any linear constituent of a L such that K J KerðnÞ, then n lies in the H-orbit of l. Certainly n ¼ l g for some element g A G, and thus n is non-principal. Also, since K J KerðlÞ, we see that K g J KerðnÞ. We assumed that K J KerðnÞ, and thus KK g J KerðnÞ H L. Observe that KK g p N since K g J N g ¼ N and K p N. Since KK g p N and L=K is a chief factor of N, it follows that K ¼ K g and thus g A H. We see now that for each H-orbit of non-principal linear characters of L=K, there is a member of S D ðN=MÞ that lies over all members of this orbit and over no other linear character of L=K. It follows that the number of H-orbits on L=K, which is the same as the number of H-orbits of linear characters of L=K, is at most jS D ðN=MÞj. Therefore by Lemma 2.2 the derived length of H=C H ðL=KÞ is at most f ðjS D ðN=MÞjÞ. Set m ¼ f ðjS D ðN=MÞjÞ. Then N=C N ðL=KÞ has derived length at most m and thus N ðmÞ J C N ðL=KÞ. Since ½L; N ðmÞ J K, K H L, L=M is a chief factor of G and ½L; N ðmÞ p G, we see that ½L; N ðmÞ J M. Thus N ðmÞ centralizes L=M. Since C N=M ðL=MÞ is abelian by the previous lemma, it follows that N ðmþ1Þ J M, as desired.
Lemma 2.7. Let G be a finite group and w; c A IrrðGÞ. Let a A IrrðGÞ be an irreducible constituent of wc and K ¼ KerðaÞ. Then there exists some y A IrrðKÞ such that ½w K ; y 0 0 and ½c K ; y 0 0.
Therefore there exist y; s A IrrðKÞ such that ½w K ; y 0 0, ½c K ; s 0 0 and ½ys; 1 K 0 0. Since y and s are irreducible characters and ½ys; 1 K ¼ ½y; s > 0, we conclude that y ¼ s. Thus ½c K ; y 0 0.
Proof of Theorem A. Write D ¼ wc and n ¼ hðwcÞ. Note that we can assume that D is faithful. Let K ¼ KerðaÞ, so that our task is to show that dlðKÞ is bounded by a linear function of n. By Lemma 2.7, we can choose a character n A IrrðKÞ that lies under both w and c. We see also that if N p G and N J KerðnÞ, then N J KerðDÞ and thus N ¼ 1.
Write K 0 ¼ K. If n is non-linear, we can choose a subgroup L such that ðK; L; nÞ is an extreme triple of G. Write K 1 ¼ L and let n 1 be an irreducible constituent of n L . If n 1 is non-linear, we can repeat the process and choose an extreme triple of G of the form ðK 1 ; K 2 ; n 1 Þ. Continuing like this, we obtain a series K ¼ K 0 I K 1 I Á Á Á I K r of normal subgroups of G and characters n i A IrrðK i Þ such that ðK i ; K iþ1 ; n i Þ is an extreme triple for 0 c i < r and where n r is linear. Moreover for each subscript i, the character n i is a constituent of n K i , and thus n i lies under both w and c. It follows that n i n i is a constituent of D K i . Therefore by Lemma 2.6, the set S D ðK i =K iþ1 Þ is nonempty for 0 c i < r. Since these sets are certainly disjoint and a lies in none of the sets S D ðK i =K iþ1 Þ, we have r < n. Also, writing s i ¼ jS D ðK i =K iþ1 Þj, we see that P s i < n. By Lemma 2.6, the derived length of K i =K iþ1 is at most 1 þ f ðs i Þ. Also, because n r is linear, we have ðK r Þ 0 J Kerðn r Þ. Since ðK r Þ 0 p G, it follows that ðK r Þ 0 J KerðDÞ, and hence ðK r Þ 0 ¼ 1 and K r is abelian. Thus dlðKÞ c 1 þ X rÀ1 i¼0 ð1 þ f ðs i ÞÞ:
Since f ðxÞ ¼ Ax þ B, we have dlðKÞ c A P s i þ rB þ r þ 1. But P s i < n and r < n, and so dlðKÞ < ðA þ B þ 1Þn þ 1. The proof is now complete. Theorem 2.8. Let G be a finite supersolvable group and let w; c be irreducible characters of G. If a A IrrðGÞ is any constituent of wc, then dlðKerðaÞ=KerðwcÞÞ c 2hðwcÞ À 1:
Proof. Set K ¼ KerðaÞ and n ¼ hðwcÞ. We choose a character n A IrrðKÞ that lies under both w and c. As in the proof of Theorem A, we obtain a series K ¼ K 0 I K 1 I Á Á Á I K r of normal subgroups of G and characters n i A IrrðK i Þ such that ðK i ; K iþ1 ; n i Þ is an extreme triple for 0 c i < r and n r is linear. As before, we have r < n and K r =KerðwcÞ is abelian.
For 0 c i < r, choose L i p G such that K i H L i J K i 1 and L i =K i is a chief factor of G. Since G is supersolvable, L i =K i is cyclic of prime order and therefore G=C G ðL i =K i Þ is abelian. Thus dlðK i =K iþ1 Þ c 2 for 0 c i < r. Therefore
Since r < n, we conclude that dlðK=KerðwcÞÞ c 2ðn À 1Þ þ 1 ¼ 2n À 1 and the proof is complete.
Proof of Theorem B
Suppose that the hypotheses of Theorem B hold and let K ¼ KerðaÞ. Let y A IrrðKÞ be as in Lemma 2.7. Since ½w K ; y 0 0 and ½c K ; y 0 0, and K is normal in G, we have that yð1Þ divides both wð1Þ and cð1Þ. Since ðwð1Þ; cð1ÞÞ ¼ 1, it follows that yð1Þ ¼ 1.
Observe that ½K; K J KerðyÞ J K since yð1Þ ¼ 1, and that ½K; K p G since K p G. Since y is an irreducible constituent of w, ½K; K J KerðyÞ and ½K; K p G, we have w ½K; K ¼ wð1Þ1 ½K; K . Similarly we can check that c ½K; K ¼ cð1Þ1 ½K; K . Thus ½K; K J KerðwcÞ J K:
Therefore K=KerðwcÞ is abelian and thus dlðKerðaÞ=KerðwcÞÞ c 1. This concludes the proof of Theorem B. for all irreducible constituents a of wc. Then we do not necessarily have ðwð1Þ; cð1ÞÞ ¼ 1.
Proof. Let p be an odd prime. Let E be an extra-special group of order p 3 . Choose a character w A IrrðEÞ such that wð1Þ ¼ p. Let c ¼ w. Observe that KerðwcÞ ¼ ZðEÞ and that ðwð1Þ; cð1ÞÞ ¼ wð1Þ ¼ p. Since E=ZðEÞ is abelian, for all irreducible constituents a of wc, we have dlðKerðaÞ=KerðwcÞÞ ¼ 1.
Further results
Assume that G is a finite group and w; c are irreducible characters of G such that wc has a linear constituent a. Observe that aw A IrrðGÞ since að1Þ ¼ 1 and w A IrrðGÞ. Since ½c; aw ¼ ½wc; a > 0, we have c ¼ aw. In particular wð1Þ ¼ cð1Þ. If, in addition, G is solvable, more information is available about wð1Þ. Since að1Þ ¼ 1, by [2, Exercise 4.12] we have ½ wc; a ¼ 1. If wcð1Þ 0 1, then by Proposition 4.3 there exists a character b A IrrðGÞ such that b 0 a and ½b; wc ¼ 1. where n > 0 and a i > 0 is the multiplicity of a i A IrrðGÞ in wc for i ¼ 1; . . . ; n. If a 1 ð1Þ ¼ 1, then the irreducible constituents of ww are 1 G ; a 1 a 2 ; a 1 a 2 ; . . . ; a 1 a n , and
where n > 0 and a i > 0 is the multiplicity of a 1 a i in ww. In particular, hðwcÞ ¼ hðwwÞ.
Proof. We observe first that a 1 w A IrrðGÞ since a 1 ð1Þ ¼ 1 and w A IrrðGÞ. Since ½c; a 1 w ¼ ½wc; a 1 > 0, we have c ¼ a 1 w.
Since c ¼ a 1 w and a 1 is a linear character, we have ða 1 Þ À1 ¼ a 1 and ww ¼ X n i¼1 a i ða 1 a i Þ:
Now a 1 a i A IrrðGÞ since a 1 is a linear character and a i A IrrðGÞ. Moreover a 1 a i 0 a 1 a j if a i 0 a j . Thus the distinct irreducible constituents of ww are 1 G ¼ a 1 a 1 ; a 1 a 2 ; a 1 a 2 ; . . . ; a 1 a n ;
and a i is the multiplicity of a 1 a i in ww.
Proposition 4.2. Let G be a finite solvable group. Let w; c A IrrðGÞ with wð1Þ > 1. If wc has a linear constituent, then wð1Þ ¼ cð1Þ and wð1Þ has at most hðwcÞ À 1 distinct prime divisors.
If, in addition, G is supersolvable, then wð1Þ is a product of at most hðwcÞ À 2 primes.
Proof. By [1, Theorem C], we have that wð1Þ has at most hðwwÞ À 1 distinct prime divisors. Also by [1, Theorem C] , if in addition G is supersolvable, then wð1Þ is a product of at most hðwwÞ À 2 primes. Thus the result follows from Lemma 4.1.
Proposition 4.3. Let G be a finite solvable group and let w; c A IrrðGÞ with wð1Þ > 1.
Assume that wc has a linear constituent a 1 and that the decomposition of wc into its distinct irreducible constituents a 1 ; a 2 ; . . . ; a n has the form wc ¼ X n i¼1 a i a i where n > 0 and a i > 0 is the multiplicity of a i for i ¼ 1; . . . ; n. Then a 1 ¼ ½a 1 ; wc ¼ 1 and 1 A fa i j i ¼ 2; . . . ; ng.
Proof. Let fy i A IrrðGÞ # j i ¼ 2; . . . ; hðwwÞg be the set of non-principal irreducible constituents of ww. If Kerðy j Þ is maximal under inclusion among the subgroups Kerðy i Þ for i ¼ 2; . . . ; n, then ½ ww; y j ¼ 1 by [1, Theorem C]. Thus 1 A f½ ww; y i j i ¼ 2; . . . ; ng:
The result then follows from Lemma 4.1.
